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ABSTRACT Suppose that two signalg, go describe motions with

. . . velocitiesu, v respectively, i.ev(u)g; = 0 anda(v)gs = 0,
We present a spatio-temporal analysis of motion at occlud and that we use a blending sigriali.e. 0 < h(x,t) < 1.

ing boundaries as an extension of previous results for trans- . . - .
) ._ with velocity u to form a new signal. We write [4]

parent motions. We show how these new results generalize

alternative approaches derived in the Fourier domain that are f=(1—=h)g + hgs. (3)

limited by assuming straight occlusion boundaries. Further- _ _ _ _

more, we derive a novel hierarchical algorithm that can deal The above equation describes a single motidor the case

with single, multiple-transparent, and occluded motions. ~ thath = 0, two transparent motions fot = 1/2, two
translucent motions fog; = 0, and two occluded motions

for h = 1 — x, where the binary mask definesg, as the
occluding signal. To reveal the non-linear nature of a general

Here we extend earlier results on transparent motions, firstalgorlthm for motion estimation, we note thatifu) f never

presented in [6], to the case of occluded motions. The modelvanIShes and the motionsandv \r/]aryfolrlﬂy slowly, Wﬁ' have

of occlusion that we use here is due to Fleet and Langley [4].a(u)o‘(v)1Og Jox(w).f] ~ 0. In what follows, we will ana-
They also analyzed the problem of occlusion in the Fourier lyze the case of ogclusmns and refer to [6, 1, 8] for the case
domain. This type of analysis was further developed in [2, of transparent motions.

9]. Alternative spatial approaches have been developed in [5]

1. INTRODUCTION

and [3]. 2.1.1. Occluded motions
The above mentioned case of occlusion definedhby=
2. THEORETICAL RESULTS 1 — x expands to:
2.1. From one to multiple transparent motions and oc- flx,t) = x(x — tu)gr (x — tu)+
clusions (1—x(x—tu))gs(x —tv). (4)
The well known brightness constancy constraint equation By applying the operatar(«)a(v) to the previous equation
we obtain
a(u)f =0 )
, a(u)a(v)f = —a(v)x(x — tu)a(u)ga(z —tv).  (5)
has been extended for the case of transparent motions by
Shizawa and Mase [7]: We first note that-a(v)x(z — tu) = (u —v) - Vx(z —
tu) where the derivatives of the discontinuous mgskere
a(u)a(v)f =0. 2 taken in the sense of distribution theory. In what follows,
all derivatives will be taken in this sense. First, we evaluate
f(x,t) is the image-sequence intensity for coordinate- the distribution defined by the right-hand side of the above

(x,y) and timet. a(u) = ug = +u, 2+ 5; isthe derivative  equation. Let be a Schwartz test function, then
in the direction of the vectdu,, u,, 1). Here we will extend
this motion model to include the case of occlusions. {((u—v)-Vyx,¢) = /(u —v)-Vx(z)p(x)de = (6)
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where() is the support of. To make use of Gauss’ theorem Remembering that for a distributidhwe havetT = 0 «—

in the plane, we denote b§ the boundary of2, by N the
unit normal toB, and byds the arc-length element &. We
finally obtain the following equality:

(=) V. ) = /B b(z)(v —u) N(x)ds. (7)

Remember that a Dirac distribution with support Bncan
be defined by the line integral

1) = l s.
60.6) = [ ola)d ®)
By comparing Equations (7) and (8), we find

(u—v) -Vxy=(v—u) Noig, 9)

and therefore Equation (5) becomes

a(w)a(v)f = (v—u) - Nog(x —tu)a(u)gz(x — tv)
(10)

T = c¢6 for some complex constamt after a forward and
backward change of coordinates, we conclude that there ex-
ist two functionsA(¢) and B(¢) such that

F = A(&)d(ué + &) + B(£)0(ug + &)

u —v
T 2mjoe 1) O

We therefore conclude that (¢, &;) is the superposition of
two Dirac lines with orientations in the directions of the mo-
tions and an additional distortion function. A similar result
had been previously obtained by analyzing the Equation (4)
- see [2]. The profile of the distortion function is hyperbolic
along the linesi£ +&; = cand, along the lines¢ + & = ¢,

has the same profile as the occluded signal.

ué + &

u—v

) (14)

2.2.2. Two-dimensional motion

Thus, motion estimation fails at occlusions because bothassume thaf2 is an half-plane. In this casgx) = 1if 0 <

Equations (1) and (2) are not valid at points on the occluding v . & and0 otherwise. We transform Equation (10) to the
boundary and should be replaced by Equation (10). There-frequency domain, nog = (¢2,€,), and obtain
fore, to estimate two occluding motions we either (i) use ‘

Equation (2) but do not integrate at occlusion points where
we have motion discontinuities, or (ii) solve equation (10) to
perform the estimation.

2rj(u-E+&)(v-E+&)F =

(u—v) NGy(0)(u-&+&) (15)

2.2. Fourier analysis of motion at occluding boundaries

Note that/N has not transformed since it is constant due
to the assumption of an extended straight bound#@ry=

We will now use our results to analyze occlusion in the Fou- 9(51 &) is the solution of u —v) - 6 = u-{+&, N*-0 =
rier domain for the simplest case of a straight occluding N~ - § and therefore

boundary. To do so, we start with the simplest case of one-
dimensional motion where the boundary is just one point.

2.2.1. One-dimensional motion

Suppose that the supportg@fis the positive half-line of real
numbers. In this casg(x) = 1if 0 < x and0 otherwise.
The unit normal to the boundary i¥(x) = 1, and equa-
tion (10) becomes

a(w)a)f = (v — uw)a(u)ge(z — tv)d(z — tu) (11)
In the Fourier domain we obtain
2mj(u€ + &) (v€ + &) F =
(u—v)0(u + &) * (u€ + &) G2(§)0(vs + &), (12)

F=A&)d(u-&+ &)+ B6)d(v-€+&)
(u—v)-N

o€ &) 2

(16)

where

(w-£+&) - N+&-N*(u—v)t
(u—v)-N

0= (17)

Thus, in a way similar to the one-dimensional case, we con-
clude thatF'(¢,&;) is a superposition of two Dirac planes
with orientations in the directions of the motions and an ad-
ditional distortion function. A similar result has been ob-
tained in [9]. Again, the profile of the distortion function is
hyperbolic along lines with orientation¥ + u - Ne; and,

denoting the transformed functions with the corresponding along the planes - ¢ + & = ¢, has the same profile as the

capital letters and the transform variables wigh¢;). By
evaluating the right-hand side, we find

27 (u€ + &) (vE + &) F =

(1 — 0) (g + &) Ga (U

) (13)

occluded signale; is the¢; axis defined ag; = (0,0, 1).

2.3. Hierarchical algorithm

We now summarize previous results [6] that we need to de-
fine our algorithm. We expand Equation (2)X0; cr fr =0
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wherel € {zx,yy, zy, xt, yt, tt}, f; are the partial deriva-
tives of f, andc; are the mixed-motion parameters. We ob-
tain LV = 0 whereL = (f;) andV = (cr)T. For the case

iterations varies from pixel to pixel and depends on the cri-
terion M and the confidence measure for that location. The
size of the kernelb was7x 7x 3 and it was increased in space

of n motions, this leads to a system of equations that can beup to a criterion ofA/ = 15. Note that the correct motion

solved by finding the eigenvector to the zero eigenvalue of
J, = [ L(z)" L(x)w(z) dz, thegeneralized structure ten-
sor for n motionsof orderm = (n + 2)(n + 1)/2. The

vectors are found on both sides of the boundary. Also note,
that at some locations on the boundary we obtain the correct
two motion vectors at that one location. This, however, be-

eigenvector defines the mixed-motion parameters that arecomes a problem only at the corners where one should use
then separated by interpreting the motion vectors as complexadditional criteria for choosing the appropriate motion vector

numbers that are the roots €,(z) = 2" — A, 12" +
--+(—=1)"Ap. To compute the coefficients, we just note that

A; are homogeneous symmetric functions of degree; of

vy, ..., 0,. FOr example, the coefficients 6f, (z) for two

motions are [6J41 = cqt +jcy: andAg = cpp — Cyy + JCay-

The confidence measure is based on the Swhthe diago-

nal minors ofJ,, and the determinat of J,,. Our hierar-

Algorithm 1 Hierarchical motion estimation
1. ComputeJ,,
2. if K'/™ < ¢,8'/™=1 (high confidencejhen
3:  Compute the mixed motion parameters based gn
if n=1then
v=(Va, V;/)
else
u, v are the roots of)5(z)
Append treated pixet to list L
forall zy ¢ L do
0: Repeat steps to 11 with w(x — x¢) = 0, Vo ¢ L.
In addition, the size of the kernel is increased such
as to include an number @f locations that are not in
L.

4
5
6:
7
8
9

chical algorithm first evaluates the confidence in one motion

and estimates that one motion in case of high confidence.

Otherwise, the confidence for two motions is evaluated and
two motions are estimated. Moreover, motion at locations
with low confidence is recomputed with a convolution ker-
nelw that integrates only locations with high confidence.

3. EXPERIMENTAL RESULTS

out of the two.

Figure (2) depicts results obtained for a stationary back-
ground. The same textures as in the previous example are
used but the square is now moving with veloaity= (1, 1).

In (a) we show results obtained by estimating only one mo-
tion without a confidence criterion. Note that in the boundary
region all motion vectors are wrong. Image (b) depicts the
results obtained after the first iteration of Algorithm 1 and
image (c) the final result. The results are similar to the previ-
ous example. We first find a large area around the bounding
box where the the confidence criterion is not matched but
the initial result is much improved by iteration. In this case
we used a criteriod/ = 150 (this number seems large but

it corresponds roughly to a full window of sizex 7 x 3).

Note that we therefore obtained a somewhat stronger blur-
ring of the occluding boundary, i.e. a small but more signifi-
cant area where we obtained two motions that are, however,
correctly estimated to be the zero motion of the background
and the motion of the square respectively. In all cases first-
order derivatives have been estimated using Gaussian ker-
nels with a sigma of pixel in all three directiongz, y, t)

and second-order derivatives by iterating the first-order oper-
ations accordingly. The confidence criterion was in all cases
defined by the values = 0.1 andey = 0.2.

4. SUMMARY AND CONCLUSIONS

We have presented a general framework for estimation of
single and multiple motions for both cases of transparency
and occlusion. By linearizing a problem that is nonlinear in
the spatial domain, and can therefore not be transferred to the
Fourier domain, our approach is more general and includes
Fourier-based approaches as a special case. Moreover, we

The results have been obtained for natural textures by pla-have presented new results for the estimation of motions at

cing and translating a square of one texture over a back-

ground with a second texture. In Figure (1), (a) shows the
middle frame of the occlusion test sequence. The back-
ground is moving with velocity = (0, 1) and the occluding
square withu = (1,0). The estimated motion vectors after
the first iteration of Algorithm 1 are depicted in (b). Evi-

dently, in a large area around the occluding boundary the es-

timation of the motion vectors did not fulfill the confidence

criterion. The occluding boundary has been marked by a
rectangle for convenience. After completing the iterations,
we obtain the results shown in image (c). The number of

E. BartH, |. Sruke, T. Aach, anp C. Mota/IEEE ICIP’03, 111:69-72, Spr.

occlusions and a hierarchical algorithm that can deal with
both transparent and occluded motions.
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Fig. 1. Two occluding motions - see text for details.
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Fig. 2. Stationary background - see text for details.

ture of 1D occluding image sequence$EEE Trans. cessingvolume Il, pages 917-20, Thessaloniki, Greece,

Pattern Analysis and Machine Intelligenc22(2):200— Oct. 7-10, 2001. IEEE Signal Processing Soc.

6, Feb. 2000. . . . .

[7] M. Shizawa and K. Mase. Simultaneous multiple optical

[3] T. Darrell and E. Simoncelli. Nulling filters and the flow estimation. INIEEE Conf. Computer Vision and

separation of transparent motions. |[EEE Conf. Com- Pattern Recognitionvolume |, pages 274-8, Atlantic

puter Vision and Pattern Recognitippages 738-9, New City, NJ, June 1990. IEEE Computer Press.

York, June 14-17, 1993. IEEE Computer Press.

[8] I. Stuke, T. Aach, C. Mota, and E. Barth. Estimation of

[4] D. J. Fleet and K. Langley. Computational analysis of multiple motions: regularization and performance eval-
non-Fourier motion.Vision Researqhs4(22):3057_791 uation. In B. Vasudev, T. R. Hsmg, A. G. Tescher, and

Nov. 1994.

T. Ebrahimi, editorslmage and Video Communications
and Processing 20Q3rolume 5022 ofProceedings of

[5] M. Irani, B. Rousso, and S. Peleg. Computing occlud- SPIE pages 75-86, May 2003.
ing and transparent motiondnternational Journal of

Computer Vision12(1):5-16, Feb. 94.

[9] W. Yu, G. Sommer, S. Beauchemin, and K. Daniilidis.
Oriented structure of the occlusion distortion: is it reli-

[6] C. Mota, I. Stuke, and E. Barth. Analytic solutions for able? IEEE Trans. Pattern Analysis and Machine Intel-
multiple motions. InProc. IEEE Int. Conf. Image Pro- ligence 24(9):1286-90, Sept. 2002.

E. BartH, |. Sruke, T. Aach, anp C. Mora/IEEE ICIP’03, 111:69-72, Spt. 2003.



