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ABSTRACT ing symmetric extension methods in order to provide a sup-

In this paper, we present a new class of linear-phase cosineport preservative decomposition [7]. For example, the sub-
modulated filter banks. In contrast to th&/ band structure ~ bands will have a different number of non-redundant sam-
of the linear-phase DCT-II filter bank derived by Lin and ples.
Vaidyanathan, our filter bank hag bands and requires dif- In this paper we present a new class of DCT-II filter
ferent prototype filters for the analysis and synthesis. Givenbanks with linear-phase analysis and synthesis filters be-
the PR constraints of the bank, we derive a non-orthogonaling based on a DCT-II modulation and derive constraints
lattice structure for implementing the polyphase componentgor perfect reconstruction of this bank. For reasons of con-
of the prototype filters. This structure shares similarities ciseness we restrict ourselves to the case where the filter
with the one of DCT-IV filter banks and automatically guar- length V is connected to the number of subbardsby
antees perfect reconstruction of the bank. It furthermore al-N = 2rM + M with r being an integer and/ even. The
lows to specify the values of the filters’ frequency responsesPR constraints will be given for the general biorthogonal
at certain frequencies, thus allowing the design of linear- case and then restricted to linear-phase prototypes and fil-
phase cosine-modulated filter banks without DC leakage.ter banks without DC leakage since experiences in image
Since analysis and synthesis prototype filters are different,coding have shown that linear-phase filters and perfect re-
we investigate several cost functions for their design. construction of the bank are not sufficient in order to obtain
a good quality of the reconstructed images at a given com-
pression rate. Artifacts such as the checkerboard effect do
1. INTRODUCTION not occur if all analysis filters, apart from the lowpass, have

: . ) _ a zero at frequency zero.
In image subband coding one prefers linear-phase filters

since they allow an easy treatment of the image boundaries
[1] and distribute quantization errors symmetrically over the
edges in the image.

Due to the very high data rates occurring in image and
especially in video coding applications, the computational
cost for the signal decomposition and reconstruction must
b_e strictly I_|m|ted. Modl_JIated filter banks are known to pro- hi(n) = prpa(n) cos <7T_k(n n 0.5)) 7 (1)
vide a low implementation cost and are also well suited for a
parallel implementation since the polyphase filtering of the wk
bank can be done in parallel. The most popular modulation fr(n) = prps(n) cos (ﬁ(” +0.5 - M)) (@)
scheme is given by cosine modulation. However, for filter k=0 M-1 n=0 . N-1
banks based on a DCT-IV modulation it has been shown T ’ o
in [2] that although given a linear-phase prototype filter the po= V2, pp=2fork#0

analysis and synthesis filters cannot be linear phase. .
A COSi dulated filter bank with li h | wherep,(n) andps(n) denote the lengttiv analysis and
. <(:josmer-]mo_ L;.Iate I:?rh f”mb wit q mearb—p Ese analy- synthesis prototype filters, respectively. The constraints for
Sis and synthesis filters which Is based dra bank struc- perfect reconstruction of the filter bank can be expressed by

ture and uses DCT-Il and DST-Il modulation has been de- . . .
means of the analysis and synthesis polyphase m&x(ix,
rived by Lin and Vaidyanathan in [3] and further studied in andR (2) respectizely that v>\//rite polyp L

[4, 5, 6]. One peculiar property of this filter bank is the fact
that the center of symmetry for analysis filters being modu- _ go(2?) — (2 1ka(22) ks (22)]CT
lated by DCT and those modulated by DST are shiftedby B =6 271 (22)] R(z) = [+ 'ko (%) Ka(:)] G
samples. This fact leads to some complications when apply- 3)

2. THE FILTER BANK

The analysis and synthesis filtehg,(n) and fy (n), respec-
tively, of the considered cosine-modulated filter bank are
given by



with

[Cilk,n = pr cos(FMk(n +0.5))

[Cg]k7n = Pk cos(FMk(n +0.5—M))
ke = M—1, n=0,...,2M —1
go(2) = d|ag{G0( )y G- 1(2)}

gl(z) = diag{G (2 ) yGan—1(2)}

ko(z) = diag{ Kop—1 (= ) S Ku(2)}
ki(z) =diag{Kp1(2),...,Ko(2)}

andge(m) = p,(2mM +0) andke(m) = ps(2mM +¢) be-

ing the(-th type-1 polyphase component of the analysis and
synthesis prototype, respectively. Taking into consideration

thatR(2)E(z) = 2~ ?"I,; has to be satisfied for perfect re-
construction with an overall system delay/®f— 1 samples
[9] and that the matric&$, andC; satisfy

crc, =am |Tv Im @)
Inv Jm
the constraints for PR can be expressed as
Ko(2)Gi(z) = lW 0] L 0=0,...,M/2—1
0 G
®)
with
I([(Z2) 271]X7M+g( Z):|
K = . . .
2 [Zlfileé(Zz) Kar1-0(?)
Gy1-¢(2%) 1GM+1£( )]
G = ‘
Z(Z) |:21G2M1€(22) Gl( )

Given the analysis polyphase filters in (5) the makix(z)
writes

2727‘

Ki(2) = S (6)
[ Go(z?) —zlGMM(zZ)}
2 Gom—1-0(2%)  Gu-1-e(2?)
Gi(22)Gr—1-0(22) — 272G e (22) Ganr—1-e(22)

where the denominator has to be a monomial in order to
F\A second solution is given when swapping the left-hand

obtain FIR synthesis polyphase components. Thus, the P
constraint on the analysis filters writes

G((Z)GM_l_[(Z)

-Tr

(@)

— 2 G are(2)Ganr—1(2) = a3z

and the synthesis polyphase filters can be obtained from the

analy5|s ones as

i Go(2) . Gorm(2)
Ko(2) = K — M) g
Ce(2) 2Ma? e+n(2) 2Ma? (®)
(=0,.... M -1, ooy 1 ¢=ay 1 ¢=0

3. LINEAR PHASE ANALYSIS AND SYNTHESIS
FILTERS

It can easily be verified that the analysis and synthesis filters
of lengthN = 2rM + M in (1) and (2) are linear phase if
the prototype filterp, (n) andp, (n) are linear phase. In this
case, the following relationship holds true for the analysis
polyphase filters

A z s
GMflff(Z) =z G[(Z) = ml&[(Z) (9)
Gantr—e(2) = =Gy (2) = — 2 Rpn (2)
oM—1—¢(2) = 27" Grym () = ————=Kprm(z
* 2Ma2"
(10)

(=0,...,M/2-1

In the upper two equations we have taken into account that
the polyphase filter&/y(z) to Gpr—1 (z) are of lengthr + 1
and the remaining ones of lengthEquation (7) now writes

Go(2)Ko(2) + Crse () Knrse(2) = ﬁ

Note that this PR constraint differs from the one derived for
DCT-IV filter banks in [8] just by the fact that it contains
analysis and synthesis polyphase components and that due
to (8) analysis and synthesis prototype filter cannot be equal.

(11)

4. THE LATTICE STRUCTURE

A lattice structure that automatically keeps the linear phase
property of the analysis prototype filter and satisfies (7) is
given by the following formulation:

ety N
L ([ o] o 2) [omioee)
[g;]”w 1111‘;((22 )>] — - (13)

([ o), | [

R

sides of the upper equations. That is, swapgiagz:) with
Gr—1-¢(z) as well asGyyp(z) with Gapr—1—¢(z). For

the synthesis filters we can use the same structure with a
different scaling factor. The new scaling factor can be cal-
culated using (8).

It can easily be verified that the upper lattice structure
satisfies the PR constraint, when reformulating (7) as

oy ooty 2 [EiR] et



5. NO DC LEAKAGE

The filter bank is free of DC leakage if the analysis filters
Hy(w) for k > 0, have at least one zero at frequency zero,
i.e. H;(0) = 0 for £ > 0. The lowpass filter has to satisfy
Hy(0) = B. The vectoth(z) = [Hy(2),... ,Hy-1(2)]F
containing all analysis filters can be written as [9]

h(z) = E(z")e(2)
with E(z) from (3) ande(z) = [1,27%,...
being the delay chain. To obtain a formulation for a DCT-II

filter bank without DC leakage, we replacén (15) bye/~
and setv = 0. Thus,h(1) writes

Zi 9o(2)

(15)

,Z_(M_l)]T

h(1)

C, (16)

S 9o 1)

and has to satisfla(1) = [3, 0, ... ,0]1. A solution is

r r—1
S gl + 3 gonioreli) = —2
i=0 =0

— 7
(=0,...,M—1

M2’

This is the condition the filter bank has to satisfy in order to
provide no DC leakage. Note that the resultis in accordanc
with the fact that the prototype filters should be linear phase.
Since the polyphase filtexs,(z) andGa—1-_¢(z) as well
Geym(2z) andGapr—1-¢(z) contain the same coefficients,
but in inverse order, both sums, i.e. fband?¢ + M are
equal.

The lattice structure presented in the last section can b
used such as to guarantee not only PR but also no DC leak
age. We first have to replaceby one in (12) and (13) ob-

Zi g((i)

taining
{zigHM(w] - { —OJ '

cosh(f;) sinh(fg ;)| [cosh(fgo)
sinh(f¢;) cosh(fe;)| |sinh(Be0)

|: Zi nglf‘@(i.) :|
Yo gen—1—e(i)
—sinh(0,;)

cosh(fy,;)
—sinh(6y;)  cosh(f;,;)

1
0

I

(18)

i

|

(19)

|

Qy -

I

r—1

Il

cosh(f;0)
- Sinhw&o)

and the constraint for no DC leakage given in (17) is ful-
filled if

r—1 r—1
cosh(Y 6;) —sinh(» 6p:) =
; ; agMy?2

Using cosh(z) = 4/1 + sinh?(z) as well as arsinfy) =

In(y + v/y2 + 1) we obtain as a constraint on the angles

r—1
Z B¢, = In(
=0

Thus, if we remove one angle from the optimization param-
eter space and use that angle in order to satisfy the upper
equation we can easily guarantee that the filter bank has no
DC leakage.

b (21)

a[M\/§

5 )

(22)

6. PROTOTYPE DESIGN RESULTS

For the prototype design we used a nonlinear optimization
routine (fminu.m from MATLAB) and as a cost function the
sum of the stopband energies of the analysis and synthesis
prototypes. The anglés ; withi = 0,... ,r — 2 where op-
timized such as to minimize the cost function. For ebale

e

tried both realization possibilities for the polyphase filters:
the one given in (12) and (13) as well as the one where the
Ge(z) andGp—1-¢(z) were swapped as well &y (z)
andGap—1-¢(z). Out of all possibilities we chose the one
with the lowest cost function. Figure 1 shows the amplitude

Jesponse of the analysis and synthesis prototype filters for

‘N =28 andM = 4. The value3 has been chosen a&\/
in order to obtain the same value of the amplitude response
at frequency zero for the analysis and synthesis prototype.

In a second example we chose the same filter parame-
ters but weighted the stopband energy of the analysis pro-
totype with a factor of 100 before adding it to the synthesis
prototype’s stopband energy, thus giving more emphasis on
the optimization of the analysis prototype than the synthesis
prototype. The resulting prototype filters are shown in Fig-
ure 2. Figure 3 shows the analysis filters using the prototype
in Figure 2. It can be seen that all analysis filters apart from
the lowpass filter have a zeroat= 0.

7. CONCLUSION

Using basic theorems of the hyperbolic sine and cosine funcy, his paper we have presented a class of modulated fil-

tion, the upper relationships can be formulated as

Zi g((i)' — Z,‘QM—I—Z(?) _
[Zi g€+M(l>] {Zi glee(l)]
cosh(zgol 7))

" L sinh (372, w,iJ (20)

ter banks based on a DCT-II with linear-phase analysis and
synthesis filters and no DC leakage. Although we have only
treated the case where the filter length is givenNas=
2rM + M and M even, the formalism can easily be ex-
tended to oddV/ and arbitrary filter lengths using similar
derivations as in [6, 5]. In the simulations it turns out that a
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Figure 1: Normalized amplitude response of analysis andFigure 2: Normalized amplitude response of analysis and

synthesis prototype faV = 28 andM = 4

10

synthesis prototype faV = 28 andM = 4 when putting a

0 times higher weight on the optimization of the analysis

prototype

crucial point of this filter bank is the fact that analysis and
synthesis prototypes are not equal but strictly connected via
(8). It has not been investigated yet, whether this connec-
tion prevents the design of prototypes with better properties
than the ones shown in the examples, or if the optimization
routine stopped in a local minimum.
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